In this paper, we are concerned with the consensus of the forth-order discrete-time multiagent system in directed networks. First, by defining a group of new variables, the multiagent system is converted to the corresponding reduced order system. Based on the stability of the reduced order system, we discuss the consensus of the original multiagent system. Then, two necessary and sufficient conditions for the consensus of the forth-order discrete-time multiagent system are established by using the related knowledge of algebraic graph theory and matrix theory. Compared with the existing results, the obtained conditions of this paper are more extensive. In order to reduce the number of information exchange between agents, we use eventtriggered mechanism to deal with the consensus of the multiagent system. Furthermore, Zeno behavior of multiagent system will not make an appearance due to the reasonable design of the triggering function. A numerical example is finally given to demonstrate the effectiveness of theoretical results.
I. INTRODUCTION
The multiagent system, as a new distributed computing technology and tool for complex system analysis, has been developed rapidly since 1970. In recent years, the multiagent system has been applied to various practical applications, such as consensus, formation control and flocking, etc; see, e.g., [1] - [4] .
Consensus, which means that the states of all agents converge to a common value, is an important component in cooperative control. The problem of consensus has attracted intense attention in various areas, such as formation control [5] , management [6] , system and control [7] , [8] , flocking [9] , [10] , and various multiagent networks [11] - [16] . It should be emphasized that the objective on the consensus of multiagent system is to design an appropriate protocol such that the states of all agents can achieve consensus via interaction.
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As it can be seen, the study on the consensus of the multiagent went through several important stages. At first, researchers focused their attention on the consensus of the first-order multiagent system and some interesting results were obtained [17] - [20] . Aiming at the consensus of multiagent system, a hybrid consensus protocol under fixed topology and switching topology was proposed [17] . The authors in [19] studied consensus problems for dynamic networks with fixed and switching topologies by introducing two consensus protocols. Considering the appearance of the timedelay and noise in the data transmission, the distributed consensus of the discrete-time multiagent network was discussed in [20] . Subsequently, the second-order multiagent system received much attention from many researchers [21] - [26] . The reference [23] obtained a new sufficient criterion to guarantee leader-following consensus by constructing the Lyapunov function and applying the Kronecker technique. The authors in [24] extended the consensus of second-order algorithm to the case of switching topology and reference model. Since any system can be disturbed by noise [27] - [31] , the consensus problem of the second-order multiagent system with white noise and Markovian switching topologies was investigated in [25] . In view of the tractability of linear matrix inequalities (LMIs) and matrix theory [32] - [34] , a sufficient condition based on LMIs was established to solve the consensus of the second-order discrete-time multiagent system with nonuniform time-delays and dynamically changing topologies; the reader can refer to [26] . Recently, partly because of wide applications of the higher-order system in control engineering, the consensus of the third-order multiagent system has been explored by many scholars [35] - [38] . In [35] , the consensus of the third-order multiagent system was studied under three different protocols. By the system transformation method, the consensus of the third-order nonlinear multiagent system with a fixed communication topology was considered [37] . In addition, based on some basic knowledge of algebraic graph theory and linear system theory, the consensus for discrete-time heterogeneous networked systems consisting of second-order agents and third-order agents was studied [38] .
Nevertheless, the jerk was not involved in the third-order multiagent system. The jerk is often used in some engineering applications, especially for transportation design and materials; see [39] and [40] . In fact, the jerk is a physical quantity to describe the changing rate of acceleration [36] . Recently, various systems with the jerk, for instance, double-integrator multiagent systems [39] , 2-D underactuated overhead crane systems [40] , were investigated and some interesting results were presented. Despite all these developments, the consensus of the forth-order discrete-time multiagent system with the jerk has not been studied. This is one of the motivations of this paper. Moreover, many control systems are almost high-order systems in control engineering. In particular, forth-order systems are very common and their performance indicators can be very complex. In actual engineering, we need the system to work in a consistent state. Therefore, the results of this paper can be used to maintain agents consensus in engineering.
In another research frontier, the event-triggered mechanism is getting increasing attention. An event-based sampling scheme was applied to multiple systems, such as the firstorder multiagent system [41] , the double-integral multiagent system [42] , a kind of linear time invariant multiagent systems [43] , and the micro-grids system [44] . However, the above sampling scheme acts on the update of each agent rather than the network interaction, which means that continuous interagent exchange is needed. Therefore, it is necessary and meaningful to achieve consensus based on time-triggered communication mechanism [45] . Even though the time-triggered mechanism has simple structure, it has high sampling frequency, which can produce redundant information and cause the network congestion [46] . In order to reduce the network burden, the event-triggered communication mechanism was proposed [47]- [49] . In recent years, event-triggered consensus of the multiagent system is one of the hot research directions. In the event-triggered communication mechanism, the consensus protocol is not performed at predefined instants, but as needed [23] , [50] . In contrast to the traditional time-triggered communication scheme, the event-triggered communication scheme is more effective in alleviating network congestion [51] and has better real-time performance [52] . With the efforts of the above literatures, the event-triggered communication strategy of the multiagent system will be more energy efficient than before. Thus, event-triggered consensus of the forth-order discretetime multiagent system is considered in this paper.
Motivated by the aforementioned analysis, we study the consensus of the discrete-time forth-order multiagent system in directed networks. The innovation of this paper is that the discrete-time forth-order multiagent system includes jerk, which is often used in some engineering applications. The main contributions of this paper are summarized as follows: (i) It is the first time to discuss the consensus of the discretetime forth-order multiagent system in directed networks. The previous work dose not discuss the consensus of the discretetime forth-order multiagent system. (ii) It expresses specifically how non-zero eigenvalues of the Laplacian matrix and the coupling strength affect the consensus of the forth-order multiagent system. (iii) Two necessary and sufficient conditions for the consensus of the discrete-time forth-order multiagent system are given. Compared with the existing results, the obtained conditions of this paper are more extensive. (iv) Based on event-triggered scheme, the consensus of the system is achieved and the existence of Zeno behavior can be excluded.
The rest of this paper is organized as follows. In Section II, we recall some basic knowledge of graph theory and present the discrete-time forth-order multiagent model. In Section III, the main results of this paper are given. An example is presented to illustrate the effectiveness of the main results in Section IV. Finally, conclusions are drawn in Section V.
Throughout this paper, we adopt the following notations: R n denotes the set of all real n-dimensional vectors; for any complex number y = r + di, R(y) = r and L(y) = di; ⊗ denotes the Kronecker product; I N ∈R N ×N (0 N ∈R N ×N ) is a N ×N identity (zero) matrix; 1 N = (1, 1, . . . , 1) T N is a N -dimensional column vector whose elements are 1; 0 N = (0, 0, . . . , 0) T N is a N -dimensional column vector whose elements are 0; ρ(H ) represents the spectral radius of matrix H ;
· stands for the Euclidean norm; ξ is the right eigenvector of A associated with eigenvalue λ, i.e., Aξ = λξ .
II. PRELIMINARIES
In this part, we introduce some basic knowledge of algebraic graph theory and give some important lemmas.
A directed graph (digraph) is used to describe the communication topology among agents. Let G(ν, ε, A) represent a directed graph with a vertex set ν = {1, 2, · · · , N }, a communicating edge set ε ⊆ ν × ν and a weighted adjacency matrix A = [a ij ] N ×N . Here a ij in A denotes weight of edge (j, i).
If agent i can receive information from agent j, we have (j, i) ∈ ε, a ij > 0, else a ij = 0. The diagonal elements of adjacency matrix A are zero, i.e., a ii = 0. Let D = diag(d 1 , d 2 , · · · , d N ) with d i = N j=1 a ij and the Laplacian matrix L = [l ij ] N * N with l ii = N j=1 a ij , l ij = −a ij ≤0 (i =j). We can find the Laplacian matrix L = D − A.
If there is a root node that can transmit information to any node, we say that the graph contains a directed spanning tree. In addition, the digraph associated with L has a directed spanning tree, if and only if the Laplacian matrix L has a simple zero eigenvalue and all other eigenvalues have positive real parts; the reader can refer to [53] .
Consider the forth-order discrete-time multiagent system with N agents. The dynamic of each agent satisfies the following equation
where x i (k)∈R n , v i (k)∈R n , z i (k)∈R n and w i (k)∈R n represent the states of position, velocity, acceleration and jerk at time k for i = 1, 2, . . . , N , respectively. u i (k)∈R n is the control of the ith agent.
We design the event-based controller
where α m > 0 are the coupling strengths for m = 1, 2, 3, 4. Let
System (1) is equivalently written in the following matrix form
where
Definition 1: The discrete-time forth-order multiagent system (1) is called reach consensus, if
We obtain the reduced order form of system (3)
Remark 1: Since system (5) is obtained by the system transformation method, we can obviously see that system (3) achieves consensus if and only if system (5) is stable.
Assumption 1: In the communication topology, parallel edges or self-loops do not exist.
Assumption 2: The digraph about the forth-order discretetime multiagent system contains a directed spanning tree.
Remark 2: From the knowledge of graph theory, it is obvious that N j=1 l ij = 0(i = 1, 2, · · · , N ). So L has at least one zero eigenvalue, and its corresponding right eigenvector is 1 N .
Next, we introduce some lemmas to develop our main results.
Lemma 1 [54] : The reduced-order matrixL contains other eigenvalues of the Laplacian matrix L except a eigenvalue 0.
Lemma 2 [55] : Consider the following n-order equation with complex coefficients
where c k = a k + b k i, a k , b k are real numbers for k = 1, 2, . . . , n. All of the roots of (6) 
and
Lemma 3: The algebraic multiplicity of the zero eigenvalue of the Laplacian matrix L is m if and only if the algebraic multiplicity of eigenvalue 1 of T is 4m.
Lemma 4 [56] : If ρ(H ) < 1, then there are positive constants Z ≥ 1 and 0 < γ < 1, such that
III. MAIN RESULTS
In this section, we firstly give two necessary and sufficient conditions for the consensus of the forth-order discrete-time multiagent system. Then, a triggering function is reasonably designed to achieve the consensus and Zeno behavior is avoided.
A. CONSENSUS ANALYSIS
The following theorem clearly shows how non-zero eigenvalues of the Laplacian matrix L and the coupling strengths affect the consensus of system (3). Theorem 1: System (3) achieves consensus if and only if the communication topology of multiagent system contains a directed spanning tree and the following conditions
where b i , i = 2, 3, . . . , N , are the nonzero eigenvalues of the Laplacian matrix L.
Proof: Necessity. Let λ be the eigenvalue of matrix H , we have
Applying the bilinear transformation k = λ+1 λ−1 to (12), we get
Define i (k) as
Note that all roots of i (k) = 0 have negative real parts if and only if all roots of (12) are inside the unit circle. In order to reduce the number of operations and avoid repeated calculations, (7) and (8) 
Furthermore, we get 
Note that (17) is equivalent to
Substituting (19) into (18), we get (10). Sufficiency. If α i satisfy (10), we have B i > 0 for i = 1, 2, 3, 4. By Lemma 2, we can know that all roots of i (k) = 0, i = 1, 2, 3, 4, have negative real parts, namely, all roots of (12) are inside the unit circle. From [53] , we derive that system (3) achieves consensus if all roots of (12) are inside the unit circle. The proof is ended.
Remark 3: Notice that the eigenvalues λ of H do not contain 1, which means that the bilinear transformation is meaningful in Theorem 1.
Remark 4: In the case of α 1 = 0 in the event-based controller, Theorem 1 degenerates to Theorem 2 of [36] , that is, for the following third-order discrete-time multiagent system
system (20) achieves consensus asymptotically if and only if
Assumption 2 is satisfied, and the following conditions hold for i = 2, 3, . . . , N
Compared with the existing results [36] , the conditions proposed in Theorem 1 are more extensive.
The following theorem explains the relationship between the spectral radius of coefficient matrix H of reduced order system (5) and eigenvalues of coefficient matrix T of the original system (3).
Theorem 2: The spectral radius of H is less than 1, if and only if the other eigenvalues of matrix T except 1 lie in the unit circle, and the algebraic multiplicity of eigenvalue 1 is 4. Furthermore, the spectral radius of H is less than 1, if the following equations hold for i = 1, 2, . . . , N
Proof: Sufficiency. We need to prove that the spectral radius of H is less than 1 if other eigenvalues of matrix T except 1 lie in the unit circle, and the algebraic multiplicity of eigenvalue 1 is 4. By solving T γ = γ , we get γ = c(1 T N , 0 T N , 0 T N , 0 T N ) T for arbitrary non-zero constant c, which is the right eigenvector of the matrix T with respect to eigenvalue 1. Thus, there is a non-singular matrix
is the Jordan canonical form associated with T andJ is the upper diagonal Jordan block matrix associated with other eigenvalues other than eigenvalue 1 of matrix T . Deformed by P −1 TP = J , we have
where ς i and µ i , i = 1, 2, . . . , 4N , are column vectors of P and P −T , respectively. We choose c = 1, that is, γ = (1 T N , 0 T N , 0 T N , 0 T N ) T is the eigenvector of matrix T associated with eigenvalue 1. We obtain
which mean that
where β is defined in Theorem 2. By the properties of Kronecker product, it is shown from (21) that
Since the eigenvalue of T is either 1 or within the unit circle, we know
Let VOLUME 8, 2020 and (k) = 1 (k) + 2 (k). By iterating equation (3), we obtain y(k + 1) = (T ⊗ I N ) k y(0). Combined with (3), (22) and (23), we get
, we acquire lim k→∞ y(k) − (k) = 0, which indicates that the spectral radius of H is less than 1.
Necessity. Suppose that at least one eigenvalue of matrix T is outside the unit circle or the algebraic multiplicity of eigenvalue 1 of matrix T is more than 4. By Lemma 1, if T has a eigenvalue that is not in the unit circle, H also has a eigenvalue that is not in the unit circle, i.e., the spectral radius of H is not less than 1. Similarly, based on Lemma 1, we know that T has four more 1 eigenvalues than H , and the other eigenvalues are the same. Then, the spectral radius of H is not less than 1 if the algebraic multiplicity of eigenvalue 1 of matrix T is more than 4. Obviously, this contradicts the fact that the spectral radius of H is less than 1. The proof of Theorem 2 is ended.
Remark 5: By Theorem 1, we know that system (3) can achieve consensus if and only if the spectral radius of coefficient matrix H of reduced order system (5) is less than 1. Moreover, Theorem 1 of [36] and [54] are two special cases of Theorem 2.
Remark 6: In Theorem 2, we only discuss that the algebraic multiplicity of eigenvalue 1 of T is more than 4 since the zero eigenvalue of L is at least 1.
B. EVENT-TRIGGERED CONSENSUS ANALYSIS
Define
Moreover, let
. From (24)- (27) , the triggering time sequence {k i m i } for each agent i is defined as follows
is the triggering function with some constants c 1 > 0, c 2 > 0,
. We redesign the event-based controller (30) where α m > 0 are the coupling strengths for m = 1, 2, 3, 4 and {k i m i } are defined in (28) . Next, the appropriate triggering function is designed to reduce the number of controller updates and Zeno behavior is effectively excluded.
Theorem 3: If there exist appropriate constants 0 < c 1 < 1,
, γ < λ < 1 in event triggering function and conditions (10) are satisfied, event-triggered consensus is achieved and the Zeno behavior for the forthorder discrete-time multiagent system can be excluded.
Proof: According to the characteristics of triggering function, it means
which yields that
Based on the above inequality and ζ
, the following result is obtained
where 0 < c 1 < 1. If the conditions (10) are satisfied, from Remark 5, we obtain ρ(H ) < 1. By (5) and (9), we have
When γ < λ < 1, the following inequality holds
where W = Z φ(0) . Substituting (31) into (30), we gain
Since 0 < γ < λ < 1, it follows that event-triggered consensus of system (3) is achieved. By Definition 2, the idea of excluding Zeno behavior is to prove k i m i +1 − k i m i > 1. In fact, the next event is triggered until the triggering function (29) is greater than or equal to zero, i.e.,
Let
Further, by (31) and (33), we obtain It is easy to see from (34) that
It can be seen from (35) 
. The proof of Theorem 3 is completed.
Remark 7: The Zeno behavior usually exists in the discretetime multiagent system through triggering function. When the conditions of Theorem 3 are satisfied, the triggering function does not be greater than or equal to zero all the time, i.e., it does not trigger indefinitely for a limited time. Therefore, Theorem 3 can availably exclude Zeno behavior.
IV. ILLUSTRATIVE EXAMPLES
The validity of our obtained results for the forth-order discrete-time multiagent system can be seen as follows. Example Consider the forth-order discrete-time multiagent system with four agents in the term of (1), then system (1) is equivalently expressed as
The Laplacian matrix L is taken as
By simple computations, we derive that the eigenvalues of L are λ 1 = 0, λ 2 = 1, λ 3 = 1.5 + 0.866i, λ 1 = 1.5 − 0.866i. We find that the Laplacian matrix L has a simple zero eigenvalue and other eigenvalues have positive real parts, then the digraph associated with L has a directed spanning tree. The digraph with four agents is shown in Fig.1 . In Fig.1 , solid lines describe the information transfer relationship between four agents.
Choosing α 1 = 0.015, α 2 = 0.1, α 3 = 0.5 and α 4 = 0.45, it is easy to verify that conditions of (10) are satisfied. According to Theorem 1, the consensus of system (1) with the controller (2) can be achieved. Figures 2-5 show the state trajectories of position, velocity, acceleration and jerk, respectively. The simulation results effectively reflect that the consensus can be achieved as the number of iterations increases. Moreover, it can be seen that the consensus of the states of all agents ultimately converge to the consensus value in Figures 2-5 .
On the other hand, Figures 6-9 respectively show that the state trajectories of position, velocity, acceleration and jerk when α 1 = 0.01, α 2 = 0.1, α 3 = 0.5 and α 4 = 2. It is not difficult to see that conditions in (10) are invalid. After a finite number of iterations, the states of all agents ultimately do not reach a consensus value.
V. CONCLUSION
In this paper, we have studied the consensus of the forth-order discrete-time multiagent system in directed networks. Based on some basic knowledge of graph theory and matrix theory, we have proposed two necessary and sufficient conditions for the consensus of the multiagent system. One shows how non-zero eigenvalues of the Laplacian matrix L and the coupling strengths affect the consensus of system (3) . The other explains the relationship between the spectral radius of coefficient matrix H of reduced order system (5) and eigenvalues of coefficient matrix T of original system (3) . In order to reduce the number of information exchange between agents, we have used event-triggered mechanism to deal with the consensus of the multiagent system and Zeno behavior has been effectively avoided. Finally, an example has been given to illustrate the effectiveness of the main results.
Based on the results in this paper, future research directions will likely include: (i) Event-triggered consensus of continuous-time high-order multiagent systems; and (ii) consensus of hybrid multiagent systems.
